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Abstract 
Two infinite families of strongly regular graphs are constructed. All graphs from these families satisfy 
the 4-vertex condition (in sense of Hestenes and Higman (1971)) on the edges and on the nonedges, 
but they are not rank-3 graphs. 
1. Introduction 
The vertex set, edge set and automorphism group of ordinary (undirected, without 
loops and multiple edges) graph G will be denoted by V(G),E(G) and Aut(G), 
respectively. We say that a graph H is a subgraph of the graph G, iff V(H) c V(G) and 
for every x,y~v(H), (x,~)EE(H) ++ (x,y)~lZ(G). 
The following generalizes the definitions from [S]. 
Let G be an ordinary graph. We say that two subgraphs of G are of the same type 
with respect to the pair (x, y) of not necessarily distinct vertices x, YE V(G), if both 
contain x, y and there exists an isomorphism of one onto the other mapping x to x and 
Y to Y. 
We say that the graph G satisfies the t-vertex condition on the edges (resp. on the 
nonedges or on the vertices), if for every i, 2 <i < t, the number of i-vertex subgraphs of 
every fixed type with respect to a pair (x,y) of adjacent (resp. nonadjacent or 
coinciding) vertices is the same for all edges (resp. nonedges or vertices). 
If the graph G satisfies the t-vertex condition on the vertices, on the edges and on 
the nonedges, we say that G is a graph with the t-vertex condition. Obviously, a graph 
with the t-vertex condition is a graph with the t’-vertex condition as well for every 
2<t’<t. 
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Fig. 1. 
From the definition, one can see that the class of the graphs with the t-vertex 
condition coincides with the class of regular graphs if t = 2 or the class of strongly 
regular graphs if t=3. Obviously, that a rank-3 graph G (i.e. a graph with the 
automorphism group Aut(G) acting transitively on vertices, edges and nonedges) is 
a graph with the t-vertex condition for every 2 d t d 1 V(G)I. 
In our opinion, the last circumstance makes the problem very natural and interest- 
ing for the construction and investigation of the graphs with the t-vertex condition, 
which are not rank-3 graphs. 
It is easy to construct such graphs for t = 2 (minimal on vertex number example is 
presented in Fig. 1) and for t = 3 they are well-known (minimal vertex number is 16). 
Strongly regular graphs derived from nonclassical generalised quadrangles are the 
examples of such graphs for t =4. (Prof. A. Pasini attracted the attention of the author 
to this fact for the first time.) These graphs have very specific parameters (see below) 
and the ‘smallest’ has 512 vertices. 
The author has found, apparently for the first time, the non-rank-3 graph r with the 
5-vertex condition [7]. It contains 256 vertices and Aut(T) acts transitively on V(r). 
The subgraphs of r induced by all vertices which are, respectively, adjacent or 
nonadjacent to the vertex XE V(T), contain 120 and 135 vertices. For the moment they 
are the ‘smallest’ known examples of non-rank-3 graphs with the 4-vertex condition, 
and the second one is even intransitive on the vertices. 
An infinite family of non-rank-3 graphs with the 4-vertex condition constructed in 
[3] contains the graph on 256 vertices from [7] as its first member. All graphs from 
this family are the pseudo-net graphs L,(2g) [6], they are transitive on vertices and the 
graph induced by all neighbours of a vertex is non-rank-3 graph with 4-vertex 
condition as well. 
The use of the procedure from [S] to the pseudo-net graph L,(2g) leads to the 
construction of negative Latin square graph NL,,(4g). It turns out that the use of this 
procedure to the family from [3] leads to the construction of a family of the graphs 
with the 4-vertex condition, which are not rank-3-graphs. 
This paper contains the description of these two families of the graphs in terms of 
quadratic forms over GF(2). 
Two families of strongly regular graphs with the I-vertex condition 223 
2. Some necessary and sufficient conditions 
Proposition 2.1. r is a graph with the t-vertex condition iff it is regular and satisjies the 
t-vertex conditions on edges and on nonedges. 
Proof. The necessity of the conditions from the proposition immediately follows from 
the definition of the graph with the t-vertex condition, so we need to prove only the 
sufficiency. Let us prove that a graph r satisfying the 2-vertex condition on the 
vertices and the t-vertex (t 22) conditions on edges and on nonedges satisfies the 
t-vertex condition on the vertices as well. Therefore, according to the definition it will 
be a graph with the t-vertex condition. 
Let us choose a subgraph G of the graph r with 1 V(G)1 = i (i< t) vertices and for any 
vertex XE V(G), define the number N(G, x) of subgraphs of the same type as the graph 
G with respect to the pair (x,x). Choose a vertex YE V(G), y #x, and denote by I, the 
length of its orbit under the action of subgroup Aut,(G) c Aut(G) consisting of all 
elements fixing the vertex x. According to the conditions of the proposition, the graph 
r satisfies the t-vertex conditions on edges and on nonedges and therefore the number 
M(G, x, y) of subgraphs of the same type as the graph G with respect to the pair (x, y) 
depends only on the adjacency of the vertices x and y. Thus, 
(2.1) 
where the asterisk denotes ‘E’ or ‘$’ in accordance with the adjacency of the vertices 
x, y. The numerator of the fraction from (2.1) is equal to the valency k, of the vertex 
x of the graph r if (x, y)EE(r), or is equal to 1 V(r)1 -k, - 1 if (x, y)$E(r). But, if the 
graph r satisfies the 2-vertex condition on vertices, this number does not depend on 
the choice of the vertex x. So, for every 2 < i < t the number of the i-vertex subgraphs of 
every fixed type (due to the arbitrariness of choice of the graph G) with respect to the 
pair (x,x) of coinciding vertices is the same for all vertices. Therefore, the graph 
r satisfies the t-vertex condition on the vertices. 0 
The following two propositions contain the necessary and sufficient conditions 
ensuring for t = 2,3 that the graph with the t-vertex condition is the graph with the 
(t + 1)-vertex condition as well. In each case the necessity of these conditions follows 
from the fact that the constants described in the propositions determine the indepen- 
dence of the number of subgraphs of some fixed type with respect to the edges or 
nonedges. To prove the sufficiency, we should show that the numbers of subgraphs of 
other types with respect to the edges or nonedges can be defined directly using these 
constants. We do not produce the proofs since the first of them is very simple and the 
second one can be easily reconstructed from the corresponding results of [S]. 
Proposition 2.2. A graph I- with the 2-vertex condition (with v vertices of degree k) is 
a graph with the 3-vertex condition ifs there are integers ,I and p such that for every 
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different vertices x, yg V(T), x #y, 
In this case k.(k-A-l)=(v-k-1)-p. 
From this proposition it follows that a class of graphs with the 3-vertex condition 
coincides with a class of strongly regular graphs. 
Proposition 2.3. A graph r with the 3-vertex condition (having the parameters (v, k, 2)) is 
a graph with the bvertex conditions iff there are integers CI and j3 such that for every 
diRerent vertices x, ye V(T), x # y, 
In this case k.(A.(l- 1)/2-a)=(v-k- l)*p. 
Note that according to [2, Lemma 1.15.1, p. 291 the point graph of generalised 
quadrangle of order (s, t) is strongly regular graph with the parameters 
v=(s+l)(st+l), k=s(t+l), E,=s-1, p==+l. For this graph, /?=O and a=C:= 
A@- 1)/2=(s- l)(s-2)/2. 
The necessary and sufficient conditions, which ensure that a graph with the t-vertex 
condition is a graph with the (t + 1)-vertex condition as well for t > 4 seem to be more 
complicated. 
3. Description of the graphs 
Denote by rf the nth graph of ith family, i = 1,2. 
Let us consider all different pairs of binary vectors from n-dimensional space F2 as 
the vertex set Vi= V(rj) of the graph rj: 
V’={(&YNx,Y~~;}. 
To define the edge set E’= E’(Ti) of the graph 
Qi,=Qi(u’,+~*) introduced for every pair 
(4, . . . ,x,J,y:, . . . , yi) of the space Ff” as follows: 
rd, we need the quadratic form 
of vectors {ul, u2 >, Uj= 
Q'= i Cd +xs')-(~s' +Y:)+ 
0, if i=l, 
(x,‘+x,z)2+(yl + y2)2 (3.1) 
_S=l n n if i=2. 
For the vectors x = (x1, . . . , x,) and y = (yl, . . . , y,), we denote C:= 1 x, . y, by (x, y). 
Since we are interested only if Q’= Q’(u’ + u*) is even or odd, we consider the 
implementation of all equations containing Q’ over GF(2). 
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We need also a subspace Fi of the space Fl corresponding to first j, j<n, of its 
coordinates. So, for every XEF;, x=(x1, . . . ,xn), we denote the vector 
x(j)=(xl, .. . ,xj)by x(j). 
A pair of different vertices (u’, a*), USE V(rd), uj=(xj, yj), j= 1,2, u1 #u*, belongs to 
E’ iff exactly one of the following two conditions is true: 
Q’(u’+u2)=0 x1=x2 for i=l, 
Q2@r+u2)=0 x’(n-l)=x*(n-1) for i=2. 
To describe the orbits of action of Aut(r,$ we need the following facts from the 
theory of quadratic forms. 
Let I/= F:” be a 2n-dimensional vector space over GF(2), and Q be nondegenerate 
quadratic form defined on I/. Denote by [ ,] the simplectic form corresponding to Q: 
Let U be a maximal totally isotropic subspace in V. It is well known (see [4]) that, 
up to choice of a basis, there are only two different types of forms (plus and minus 
types), and dim(U) is equal to n or n- 1, respectively. 
Denote by G the corresponding group of isometries of the form Q (it coincides, 
respectively, with O:n(2) or O,(2)), and let H be the stabilizer of U in G. To calculate 
the orbits of H acting on V, we need the following result known as Witt theorem. 
Lemma 3.1. Let U1 and U2 be two subspaces of V and cp be an isometry U1 onto U,. 
Then there is an isometry in G coinciding with cp on U1. 
By Lemma 3.1 the group H has two orbits on U: (0) and U - (0). If Q is a form of 
plus type, then U’= U. If Q is a form of minus type and x, YEI!J’ - U, then 
Q(x) = Q( y)= 1, since U is a maximal totally isotropic subspace. We can apply Lemma 
3.1 to cp defined by the relations cp(x)=y and cplv= id, and one can see that H acts 
transitively on U’ - U. 
Finally, let x, ye V- U’ and Q(x) = Q(y). Let c( be a linear mapping of U onto itself, 
which satisfies [x, u] = [y, CC(U)], (UE U). Then applying Lemma 3.1 to cp, defined by the 
relations q(x)= y, (pJ”=c(, one can see that there is an element of H, which maps 
x onto y. If na2, then Q has on I’- U’ both values 0 and 1. 
So, we proved the following lemma. 
Lemma 3.2. Let n B 2. If Q is a form of plus type, then H has on V exactly 4 orbits: 
{O},U-{O},{UEV-U’: Q(u)=O} and {uEV-U’: Q(u)=l). Zf Q is aform of minus 
type, then H has one orbit more, i.e. U’ - U. 
Let 00, . . . “0, be the orbits of H on V, then by Lemma 3.2, s = 3 or 4. Define a full 
s-coloured graph fi with the vertex set V as follows an edge {x, y} has a colour k iff 
X-yEok. 
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Table 1 
i Equalities Edge Colour 
1 2 3 4 
1 Q’(u’+u’)=O + + _ 
x’(n)=x2(n) + _ _ 
2 QZ(u’+u2)=0 + _ + - 
x’(n-l)=x2(n-1) + + _ _ 
We can describe the same graph combinatorially. Considering the quadratic form 
(3.1) for every pair of different vertices u ’ ,u’EV(~~),Uj=(Xj,yj), j=1,2,u’#u2,1etus 
defineiftheconditionsQi(u’,u2)=Oandx’(n)=x2(n)fori=1orx’(n-1)=x2(n-1) 
for i = 2 are true (+) or false (-). According to the obtained combination ( T ), ( T ), ( 5) 
or ( I), we choose the colour of the edge (u’, u2) from Table 1. 
We will denote by Ej(fi) the edge set of colour j of the graph fj. From the 
definition of the graph Fj, one can see that if its edges of colour 2 for i = 1 or the edges 
of colours 2 and 3 for i =2 are declared as ordinary edges and the edges of other 
colours are declared as nonedges, then the graph ri will be constructed. 
Note that the transitivity of action of Aut(fi) on vertices and on edges of 
each colour means that the graph fi defines a cellular ring (or association 
scheme) [l, 91. 
To conclude the section, we shall briefly describe the procedure uniting two families 
(r,l} and Cm:}. 
Denote by N, the set {1,2, . . . , t}. Using some strongly regular graph r, let us 
construct a coloured graph c”= G”(T, t) with the vertex set 
V(~)=((x,a)Ixdf(Z-), aeN,}. 
We join every pair of different vertices (x, c(), (y, P)E P’(G) by an edge of colour 
(1) if x=y, 
(2) if (x,&E(T) and cy #B, 
(3) if (x,y)$E(T) and cx=p, 
(4) if (x,y)~E(r) and (x=fi, 
(5) if (x,y)$E(T) and cr#P. 
Denote by Ei(G”) the set of all edges of color i in the graph 6. For every nonempty 
subset I of the set { 1,2,3,4,5}, we can construct the graph G = G(Z) with the vertex set 
V(G)= V(6) and the edge set 
E(G)= IJ Ei(G”). 
isI 
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Theorem 3.3. (Ivanov [S]) G is a primitive strongly regular graph ifSt =4 andfor some 
integer m (not necessary positive), graph r has the parameters 
=i 
(4m2,2m2+m,m(m+ l),m(m+ 1)) and Z={1,4,5} or (2,3}, 
(4m2,2m2-m-1,m2-m-2,m(m-1)) and Z={4,.5} or {1,2,3}. 
(3.2) 
The graphs with the parameters (3.2) are L,(n) (the pseudo-net graphs or Latin 
square graphs) for m<O or N&(n) (the negative Latin square graphs) for m>O, for 
some g and n which depend on m. 
Using the definition of the graph G it is easy to calculate its parameters (V, K, A, M) 
for every possible choice of (v, k, A, p) and I from (3.2). Thus, if (v, k, I, p) = (4m2, 2m2 + 
m,m(m+1),m(m+1))andZ={1,4,5},then(V,K,~,M)=(16m2,8m2-2m,2m(2m-1), 
2m(2m - 1)). It is easy to check that if in this case m in the expressions for (v, k, I., p) is 
substituted by - 2m then the expressions for (V, K, A, M) will be obtained. So, if m < 0 
and graph r is L,(2g), where g = -m, then G is NL,,(4g). 
For the families of graphs described in the paper, m = f 2”- ’ (see Proposition 4.2). 
By interpreting the presented procedure for the graph r = r6 in terms of ‘additional 
coordinates (x, + i, y, + 1 ), one can check that G = r,“,-: for in{ 1,2}. 
4. Properties of the graphs 
For the description of the properties of the graph ri, it is convenient to use its 
representation in terms of cellular ring (see Section 3). 
Using the transitivity of action of Aut(fL) on vertices and on edges of each colour, 
one can determine by direct counting the structure constants of cellular ring corres- 
ponding to the graph fi. Let us choose a vertex 
d=(x:, . . . ,x,l,y:, . . . ,y,‘)=(O, . . . ,o,o, . . . ,O) (4.1) 
and following representatives: 
u2= 
i 
(xf, . . . ,x,z-1,x ,',y:> .” >YL,Y3, i= 1, 
(x 
2 2 
1, ..’ &2,%LX ,',y:> .'.,Yn2-2,Yn2-1,yn2), i=2. 
(4.2) 
of orbits of coloured edges of the graph given in Table 2. 
In what follows, we shall fix a set P c V(fi) of different vertices of the graph fi. 
Then we shall count the number of vertices of the graph from the set T= V(ri)\P, 
joined with the vertices from P by the edges of some fixed colours. To do this, we shall 
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Table 2 
Colour i=l i=2 
(U1>U2) u2 u2 
1 (0, . . . ,o,o,o, ,O,l) (0, ,o,o,o,o, ,O,l,O) 
2 (0, . . . ,O,l,O, ,O,O) (0, ,O,O,l,O, ,O,O,O) 
3 (0, . . . ,O,l,O, ,O,l) (0, ,O,l,O,O, . ..) O,O,O) 
4 (0, ,O,l,l,O, ,O,O,O) 
write the systems of equations, with 1 d j< lP[, 
i 
Ql(u+uj) = 0 # 
44 g 44 
Q'(u+u') ; 0 
x(n- 1) r; x(n- l), 
(4.3a) 
(4.3b) 
with respect to the coordinates of the vector u=(x, y), corresponding to every such 
vertex from T. The right-hand side of these equations is equal to the left-hand side iff, 
according to Table 1, the corresponding condition for the coloured edge joining the 
vertices 1.4 and uj, 1 d j< 1 PI, is true (marked by +). 
For example, the system of equations for definition of A:,3 for fi is the following: 
i xs*Ys=O, 
s=l 
(Xl, ..’ ,x,-1,x,)=(0, ... >O,O), 
i xs-Y,+YnfO (=l), 
s= 1 
(x lr .*. ,A-l,Xn)#(O, “. ,O,l). 
Nonempty sets of the solutions of (4.3) will be given in the form of vectors with 
coordinates equal to 0,l or *. The asterisk denotes that corresponding coordinate 
may be 0 or 1. If the condition Ci for the group of coordinates of the vector according 
to (4.3) must be true (resp. false), then we shall mark this fact by + (resp. by -) in the 
corresponding column of the table. The conditions Cl, C2, . . , are explained in the 
footnotes to the table. Usually, the conditions will be the following: x#O (the vector 
x is not equal to the zero vector); (x,, y,) # (0,O) or (x, y) = 0. The sign ‘ ! ’ placed after 
+ (resp. -) means that that corresponding condition must be true (resp. false) for the 
vector with one coordinate more than it is written in the description of the condition. 
Finally, in the last column of the table, we shall place the N vectors, which satisfy all 
conditions and which are not equal to the vectors corresponding to the fixed vertices 
from P. 
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For an ordered pair (u’, u*) of vertices of the graph fi, we denote by 
N(u I, u2, sl, s2) the set of vertices joined with the vertex uj by the edges of colour sj, 
j= 1,2: 
N(u1,u2,S1,S2)={~(~E~(~~), (a,uj)EE,,(fi), j=l,2}. 
Proposition 4.1. The structure constants of the graph fi are described in Tables 3a, (for 
i= 1) and 3b (for i=2) (I_,4 is equal to an expression from pth row on the intersection of 
tth column and sth group of rows). 
Proof. Since the determination of the values of structure constants A&is not difficult, 
we shall present only the resulting Tables 4a and 4b, which contain the vectors 
1 
(x 1, ... ,Xn,Yl, .‘. ,YA 
(xty)= (x,, .., ,x,-1,x 
i= 1, 
n, >..., yr Y,-~,YJ, i=X 
corresponding to the vertices from V(fi)), joined with a1 from (4.1) by the edges of 
colour p; some conditions for these vectors and the total numbers are also given. 
Determination of A:s, (=IN(~~,u*,sr,s~)1: if (u1,u2)EEP(fi)) for the graph ri, let 
us choose the vertex u 1 from (4.1) and the vertex u* joined with u1 by an edge of 
colour p. Note that the vector (4.2) corresponding to u* may be found in the pth row of 
the ith column of Table 2. Then let us count the total number of vertices joined with uj 
by an edge of colour sj, j= 1,2. But the coordinates of the vector (x1, . . ,x,, 
y,, . . , y,), corresponding to every such vertex u, must satisfy (4.3) for P = {u r, u”}. So, 
Table 3a 
i=l 
s\t 0 1 2 3 
0 1 0 0 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 
1 0 2”-1 0 0 
1 2”-2 0 0 
0 0 2”-‘-1 2°C’ 
0 0 2°F’ 2”_1-1 
2 0 0 2”_‘.(2”-1) 0 
0 0 2”-‘.(2”_‘_1) 22”- 2 
1 2”-‘-1 2”-‘.(2”_‘-1) 2”-‘.(2”m’_l) 
0 2nm 1 2”-‘.(2”_‘_1) 2”_‘.(2”_‘_1) 
3 0 0 0 2”_‘.(2”-1) 
0 0 22”_2 2”_‘.(2”_‘_1) 
0 2°C’ 2”-‘.(2”m’_l) 2”-‘.(2”-‘-1) 
1 2”_‘-1 2”-‘.(2”_‘_1) 2”-‘.(2”_‘_1) 
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Table 3b 
i=2 
s\t 0 1 2 3 4 
0 1 0 
0 1 
0 0 
0 0 
0 0 
1 0 2”-‘-1 
1 2”-‘-2 
0 0 
0 0 
0 0 
2 0 0 
0 
1 ;n-1-1 
0 0 
0 0 
3 0 0 
0 0 
0 0 
1 2”_2-1 
0 2n-2 
4 0 0 
0 0 
0 0 
0 n z 
1 ;“-z_l 
0 
0 
2”-l-1 
0 
0 
3.2”-1 
3.2”-1 
2” 
0 
0 
0 
0 
0 
3.2nm2 
3.2”-2 
0 
0 
0 
3.2”-2 
3.2”-2 
0 
0 
;n-2-1 
2n-2 
0 
0 
0 
3.2nm2 
3.2nm2 
2”.(2”_1-1) 
2”.(2”-2-1) 
2”-‘.Qm’-1) 
2”.(2”_2-1) 
2”.(2”_2-1) 
0 
22n-2 
2”_‘.(2”_‘_1) 
2”.(2”_2-1) 
2”.(2”mz-1) 
0 
0 
0 
n 2 
;“I1_l 
0 
0 
0 
3.2”-2 
3.2”-2 
0 
2% z 
2,-1.(2”-1_1) 
2n.(2”-*-l) 
2n.(2”m2-l) 
2”.(2”_‘-1) 
2”.(2”m2-l) 
2”m’.(2”-‘-1) 
2”.(2”_2-l) 
2”.(2”_2-1) 
A:,, is equal to the number of solutions of a system like (4.3), which are not equal to 
the vectors corresponding to u1 and u2. 
Tables 5a (for i = 1) and 5b (for i = 2) contain the vectors 
(X>Y)’ ;; 1 1, .‘. ~xn-l,xn,Yl, .” 3 Y,-l,YA 
i=l, 
1, . . . ,x,-2,x,-1,x,,y1, . . . ,y,-I,y,-I,~n), i=Z 
Table 4a 
i=l 
P b. Y) Cl c2 c3 N 
1 (0, ) 0, * ) ) * ) + 2”-1 
2 (*, .._, *,*, .._) *) + + (2”-1).2”_’ 
3 (*, . ..) *,*, . ..) *) + - (2”-1).2”_’ 
Cl: x#O. 
c2: (x,y)=O. 
c3: yzo. 
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Table 4b 
i=2 
P 6% Y) Cl c2 c3 c4 N 
1 (0, . . . . o,o,*, ,*,O) + 2”-‘-1 
2 (0, . ..) o,*,*, . ..) *,*) + 3.2nm1 
3 (*, . . . . *,o,*, . ..) *,O) + + (2”_‘-1).2”_2 
(*. . ..( *,*,*, _..) *,*) + + _ 3.(2”-l-1).2”-2 
4 (*, . . . . *,o,*, . . . . *,O) + - (2”m’_l).2”-* 
(*, ,*>*,*, . ...*,*) + + + 3.(2”-l_l).2nmz 
Cl: x(n-l)#O. 
C2: (x.,Y.)#(O,O). 
C3: (x(n-l),y(n-l))=O. 
C4: y(n-l)#O. 
which can be the solutions of (4.3) for every three numbers p, sl, s2; some conditions 
for these vectors and their total numbers are also given. 
Let us show the way for counting A:, 3 for f f. In this case the system (4.3) becomes 
(x(n-1).Y(n--1))+(X,)2+(Y,)2+X,.Y,=0, 
(x lr ‘.. 9-G2,X,-I)#(& ... ,O,O), 
(x(n-1).Y(n--1))+(X,)2+(Y,)2+x,.Yn+Y”-1+Yn+1=0, 
(x 1, ... 2%2,X,-l)f(O, ... ,O,l). 
Table 5a 
i=l 
P Sl s2 (x. Y) Cl C2 C3 N 
1 1 1 (0, . ..) o,o,*, . ..) *,*) 
1 2 2 (*, . ..) *,o,*, . ..) *,*) 
1 2 3 (*. . . . . *,l,*, . ..) *,O) 
(* ,.../ *,l,* )..., *,l) 
1 3 3 (*. . . . . *,o,*, . . . . *,*) 
2 1 2 (0, . . . . o,o,*, . ..) *,O) 
2 1 3 (0, . . . . o,o,*, ,*,l) 
2 2 2 (*, >*,*,*, . . ..*.O) 
2 2 3 (*, . ..) *,o,*, . ..) *,l) 
(* )...) *,l,*, . ..) *,l) 
2 3 3 (*, . . . . *,*,*, . ..) *,O) 
3 1 2 (0, ,o,o,*, ,*,l) 
3 2 2 (*, . ..( *,o,*, . ..) *,l) 
(*. . ..) *,l,*, . . . . *,O) 
3 1 3 (0, . ..) o,o,*, . ..) *,O) 
3 2 3 (*, . . . . *,o,*, . ..) *,O) 
(*, . ../ *,l,*, . ..) *,l) 
3 3 3 (*, . ..) *,o,*, . . . . *,l) 
(*, . . . . *,l,*, . ..) *,O) 
+ 
+ + 
+ 
_ 
+ - 
+ 
+ + 
+ + 
+ - 
+ - 
+ 
+ + 
+ + 
+ 
+ + 
+ - 
+ - 
+ - 
Cl: x(n-l)#O. 
C2: (x(n-l),y(n-l))=O. 
c3: y(n-l)#O. 
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Table 5b 
i=2 
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P 
_ 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
si _ 
1 
2 
3 
3 
4 
1 
2 
3 
3 
4 
1 
1 
2 
2 
3 
3 
4 
1 
1 
2 
2 
3 
3 
4 
s2 (X> Y) Cl C2 C3 C4 N 
(0, . . ..o.o,o,*, .. ..*.*,O) 
(0, . ..) o,o,*,*, .. . . *,*,*) 
(*, . . . . *,o,o,*, ...) *,*,O) 
(*, . . ..*.o,*,*, . ...*,*,*) 
(*, . . ..*.l,O,*, . . ..*.*,O) 
(*, . ..) *,l,*,*, . . . . *,*,*) 
(*, . . ..*.o,o,*, . . ..*.*,O) 
(*, . ..) *,o,*,*, .._) *,*,*) 
(0, . ..) o,o,o,*, . ..) *,*,O) 
(0, . ..( o,o,*,*, . ..) *,*,l) 
(*. . ..) *,*,*,* )...) *,*,l) 
(*. . . ..*.*,o,*, . . ..*.*,O) 
(*. . . ..*.*,l,*, . . ..*.*,O) 
(* ,..., *,*,*,* )...) *,*,l) 
(0, . . ..o.o,*,*, . . ..*.O,O) 
(0, . ..) o,o,*,*, . ..) *,l,O) 
(0, . ..) o,o,*,*, . ..) *,l,*) 
(0, . . ..o.o,*,*, . . ..*.O,*) 
(*, . . ..*.*,o,*, . . ..*.O,O) 
(*, ,*,*,*,*> ... ,*,O,*) 
(*, . . ..*.o,o,*, . . ..*.l,O) 
(*, . . ..*.o,*,*, . . ..*.l,*) 
(*. . ..) *,l,O,*, . ..) *,l,O) 
(*, . . ..*.l,*,*, . . ..*.l,*) 
(*, . ..( *,*,o,*, . . . . *,O,O) 
(*, . . . ,*,*,*,*, ,., ,*,O,*) 
(0, .__) o,o,o,*, .._) *,l,O) 
(0, . ..) o,o,o,*, . ..) *,O,O) 
(0, . . ..o.o,*,*, . . ..*.l,l) 
(0, . . ..O.O,l,*, . . ..*.O,O) 
(0, . . ..o.o,*,*, . . ..*.O,l) 
(0, . . ..O.O,l,*, . . ..*.l,O) 
(*, . ...*,*,*,*, . . ..*.O,l) 
(*, . . ..*.o,o,*, . . ..*.l,O) 
(*, . . ..*.l,O,*, . . ..*.l,O) 
(*, . . ..*.O,l,*, . . ..*.l,O) 
(*, . . ..*.l,l,*, . . ..*.l,O) 
(*, . . . . *,*,o,*, . . . . *,O,O) 
(*, . ..) *,*,l,*, . ..( *,O,O) 
(*, . . ..*.o,*,*, . . ..*.l,l) 
(*. . . . . *,l,*,* ,...) *,l,l) 
(*, . . . . *,*,*,*, . ..) *,O,l) 
(*. ___) *,o,o,*, ._.) *,l,O) 
(*, ___, *,O,l,*, ._.) *,l,O) 
(*, . . ..*.l,O,*, . . ..*.l,O) 
(* ,...) *,l,l,* ,..., *,l,O) 
+ 
+ 
+ 
+ 
f! 
f! 
f! 
+! 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
_ 
+ 
_ 
_ 
+ 
-! 
+! 
-! 
+! 
+ 
_ 
+ 
- 
_ 
+ 
_ 
+ 
+ 
_ 
_ 
+ 
+ 
_ 
+ 
+ 
_ 
+ 
+ 
- 
+ 2.(2”_2-1) 
3.2”-1 
(2”m2_1).2”-2 
3.(2”m2-l).2”-2 
2”v2.2”-2 
3.2”-2.2n-2 
(2”-*_1).2”-2 
3.(2”-z-1).2”-2 
f! 2”-‘-1 
2” 
(2”-‘_l).2”m’ 
(2”m’_l).2”-2 
(2”m’_l).2”-* 
(2”_‘_1).2”_’ 
+ 2”-2-l 
2”-2 
3.2”-2 
3.2”-2 
(2”-2_1).2”m2 
3.(2”-*_1).2”-2 
(2”-2_l).2”m3 
(2”_2_1).2”_3 
3.(2”-l-1).2”-3 
3.(2”-2-1).2”-3 
(2”-2_l).2”m2 
3.(2”-2-1).2”-2 
2°F2 
t 2”_2-1 
2°F’ 
2”FZ 
2nm 1 
2°F2 
(2”-2-1).2”-’ 
(2”-2_1).2”-3 
(2”-z-1).2”-3 
(2”-z-1).2”-3 
(2”-2__1).2”-3 
(2”_2_1).2”_2 
(2”m2_1).2”-2 
(2”-2_1).2”-2 
(2”_2_1).2”_2 
(2”-2_1).y’ 
(2”-*_1).2”m” 
(2”m2_1).2”-3 
(2”m2_1).2”m3 
(2”_2_1).2”_3 
Cl: x(n-2)fO. 
C2: (X”,Y”)#(0,0). 
c3: (x(n--2),y(n-2))=0. 
C4: y(n-2)fO. 
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This system can be simplified as 
Yn-l+Yn=L 
b 1, ... ,X,-2)#(0, ... ,O). 
Now it is clear that if y, = 1 then y,_ I =0 and, for every values of x, and x,_ 1, 
(x(n-2).y(n-2))=1, 
(Xl, ... ,x,-2)#(0, . . . ,O). 
Obviously, each of the 2”-2 - 1 nonzero binary vectors from R’ze2 satisfies the second 
equation. For every such vector x(n-2), there are 2”-3 different vectors, y(n-2) 
satisfying the first equation. So, taking into account the 4 possibilities for the choice of 
(x,,x,_i), we have that if y,=l, y,_,=O then there are 4~(2”-2-l).2”-3 different 
vectors(*, . . . . *,*,*,*, . . . , * ,O, 1) corresponding to the vertices of ft, joined with 
u1 and u2 by edges of colour 3. 
If y, = 0 then y, _ 1 = 1 and the value of (x(n - 2) * y(n - 2)) depends on the combina- 
tion of coordinates x,, x, _ 1. But for every such combination, we have just observed 
the system (may be with 0 in the right part of the first equation). Thus, if y, = 0, then 
y, _ 1 = 1 and for every 4 possible pairs of (x,, x, _ 1 ), there are (2”-2 - 1) - 2”- 3 different 
vectors included in Table 5b, which correspond to some other vertices of the graph 
fj joined with the vertices u 1 and u2 by the edges of colour 3. 
Since all the described vectors are different, 234 3 =(2”-2 - 1). 2”. 
Analogous reasons may be presented for counting Als, for every p, s1 , s2. 0 
Note that cellular rings f,,i have a special property: every partition of the set 
{Ej(fi ) 1 j = 1,2,3} defines a cellular ring. The cellular rings having this property are 
called amorphic. In [6], one can find the description of parameter sets of amorphic 
cellular rings and other examples. 
Using Tables 3a and 3b let us prove the following proposition. 
Proposition 4.2. r: is a graph with the 3-vertex condition. Its parameters are 
(u,k,/1,~)=(22”,2n-1.(2nT1),2”-1.(2”-1T1),2”-1.(2”-~T1)), 
with upper signs if i = 1 and lower zy i = 2. 
Proof. The value ~=2~” may easily be found from (3.1). From the definition of the 
graphs ri and fi, it follows that 
k=I,O,,+ 
0 if i= 1, 
1 .30,3 if i=2. 
Locating the values I,,“,, and ii,3 from Tables 3a and 3b, we can find k. 
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Since all edges of r,’ correspond to the edges of colour 
I. = 22, Z = 2”- ’ - (2”- ’ - 1). To define p, we need to testifty that according 
Lf,,=n,“,, and thus ~=2”-l-(2”-r-1). 
2 of F;, 
to Table 3a, 
Since all edges of r,L correspond to the edges of colours 2 or 3 of F:, if r,’ is 
a strongly regular graph then 
&+&+&+&= 
I 
i if j=2,3, 
p ifj=l,4. 
Taking into account an equality Az=AP,, we can write the following relations: 
1,2,,+2.I:,+nS,,=n:,+2.~:,+;1:,, 
121,z+2.~:,3+~:,3=~242+2’~243+;/343. 
Using Table 3b it is easy to verify that they are true. 
Now the truth of proposition follows from Proposition 2.2. 0 
For every ordered triplet (u ‘, u 2, u “) of vertices from V(rl), let us define the set 
M(u’,u2,~3)=(~I(~,~j)~E(T~),j=1,2,3}. 
Proposition 4.3. Zf (u 3, uj)~E(rf), j = 1,2, then 
IM(u1,142,u3)1= I 
2”-2-(2”-‘f 1) if (u’,u2)eE(r,$ 
2”- 1 - (2,-’ f 1) otherwise, 
with upper signs if i = 1 and lower if i = 2. 
Proof. To prove this proposition, we shall use the graph Fj and the correspondence 
between the edges of graphs fi and rd. Firstly, let us choose a pair (u’, u2) of vertices 
of the graph ri joined by an edge of colour s, s = 1,2,3 (and 4 if i = 2). Then let us 
consider the set M of vertices of fi joined with every vertices ul, u2 by the edges of 
colour 2 if i = 1 and by edges of colour 2 or 3 if i = 2. By direct counting, we shall show 
that for every vertex u 3~ M the number of vertices from M joined with u 3 by the edges 
of colour 2 if i = 1, and by the edges of colour 2 or 3 if i = 2, depends only on the colour 
of the edge (ul, u’). 
As before, the information is collected in Tables 6a for i = 1 and 6b for i = 2. The 
vertices u I, u 2, u3, u are placed in the first columns of these tables. The colours of the 
edges joining these vertices with u I, uz, u3 are placed in the next three columns. The 
fifth columns of the tables contain the vectors corresponding to these vertices. The 
coordinates of vectors for u ‘, u2 are cited directly. Some of coordinates for u3 are 
noted by letters and for u by * too. The sense of use of sign * was explained in 
Section 2 and using the letters for the notations of coordinates of vector u3, we 
emphasize that the vertex u 3 is fixed. A letter with an overbar means the value which is 
contrary to the value of this letter; for example, if a = 1 then c? = 0. 
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Table 6a 
i=l 
w u1 u= UJ (x. Y) Cl C2 C3 N 
u’ 0 ~ 
u2 2 0 
u’ 2 2 
U 2 2 
uz 1 0 
u3 2 2 
u 2 2 
u* 3 0 
u3 2 2 
U 2 2 
_ (0, . ..) o,o,o, ,O,O) 
_ (0, . ..) O,l,O, ,O,O) 
0 (a, ,b,c,d, ,e,O) 
2 (*, . ..) *,c,*, . ..) *,O) + 
(a, . . . . b,c,*, . . . . *,O) 
(*, . ..) *,c,*, . . . . *,O) + 
(0, ,o,o,o, ,O,l) 
0 (a, . . . . b,O,c, . . . . d,e) 
2 (*. . . . . *,o,*, . ..( *,*) + 
_ (0, ,o, l,O, ,O,l) 
0 (a, , b, c, d, , e, C) 
2 (*, ,*,c,*, . . . . *,C) + 
(t, . ..) *,c,*, . . . . *,c) + 
(2”_‘_2).2”_3 
2°F2 
(2”_‘_2).2”_3 
(2”-‘-2).2”-2 
(2”_‘-2).2”-3 
(2”_‘_2).2”_3 
Cl: x(n-l)#O, x(n-l)#x3(n-1). 
C2: (x(n-l),y(n-l))=O. 
C3: ((x(n-l)+x3(n-1)),y(n-l))=((x(n-l)+x3(n-l)),y3(n-l)). 
Table 6b 
i=2 
w u1 u= u3 (7 Y) N 
u1 0 - - (0, ,o,o,o,o, . .. . O,O,O) 
Ii* 2 0 - (0, ,O,O,l,O, ,O,O,O) 
u3 2 2 0 (0, O,O,a,b, c,d,l) . . . . . . . . 
U 2 2 2 (0, . . ..o.o,a,*, . . ..*.*,l) 2°F’ 
U 3 3 3 (*, . ...*,*,*,*, . . ..*.*,l) (2”_‘_1).2”_2 
u3 3 3 0 (a, ,b,c,d,e, As. 1) 
u 3 3 2 (a, . . ..b.c,d,*, . . ..*.*,l) 2°F2 
U 3 3 3 (*, *,*,d,*, *,*,l) . . . . . . . . (2”_‘_2).2”_2 
U 2 2 3 (0, . . . . o,o,*,*, . ..) *,*,l) 2”-’ 
u2 3 0 - (0, ,O,l,O,O, O,O,O) . ..) 
u3 2 3 0 (0, . . . . O,O,a,b, . . . . c,l,d) 
u 2 3 2 (0, . ..) o,o,*,*, . ..) *,l,*) 2,2”_2 
U 3 2 3 (0 O,l,a,* *,l,d) ,..., ,..., 2”_Z 
u 3 3 3 (*. . ...*,*,*,*, . . ..*.O,*) (2”-z-1).4.2”-3 
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Table 6b (continued) 
i=2 
w u1 u2 u3 (x. Y) N 
2 
u 
u 
u 
u 
I2 
u3 
u 
u 
U3 
u 
u 
u 
u2 
u3 
u 
u 
u 
l2 
u 
u 
u 
u3 
u 
u 
u 
u 
3 
3 
3 
2 
3 
1 
2 
2 
3 
3 
3 
3 
2 
4 
2 
2 
3 
3 
2 
2 
3 
3 
3 
2 
3 
3 
3 
3 
3 
3 
3 
2 
0 
2 
2 
3 
3 
3 
3 
2 
0 
3 
3 
2 
3 
3 
3 
2 
3 
3 
3 
2 
3 
3 
0 
2 
3 
3 
3 
_ 
0 
2 
3 
0 
2 
3 
3 
_ 
0 
2 
3 
3 
0 
2 
3 
3 
0 
3 
3 
2 
3 
(a. ,b,c,d,e, ,I;O,d 
(a, ,b, c,*,*, . . . . *,O,*) 
(*, . . , *,c,*,*, . . . . *,O,*) 
(*, ,, .,*,c,*,*, . . . . *,O,*) 
(a, . . . . b,c,d,+, . . . . *,O,g) 
(0 ,..., o,o,*,*, .. . . *,l,*) 
(0 ,...) O,l,*,*, . . . . *,l,*) 
(0, ,o,o,o,o, ,O,l,O) 
(0, ,O,O,a,b, . ,c,d,e) 
(0, . ..) o,o,*,*, . . . . *,*,*) 
(*, . . ..*.o,o,*, . . ..*.*,O) 
(*, . . ..*.O,a,*, . . ..*.*,e) 
(*, . . ..*.o,*,*, . ...*.*,*) 
(a, . . ..b.O,c,d, . . ..e.hg) 
(a. . . . . b,O,t,*, . . . . *,*,*) 
(*, . ..) *,o,*,*, . . . . *,*,*) 
(0, . . . . o,o,*,*, . . . . *,*,*) 
(0, . . . . O,l,l,O, . . . . O,O,O) 
(0, ,O, 0, a, b, , c, 1,1) 
(0, . . . . o,o,lYi,*, . . . . *,l,l) 
(0, . . ..O.O,l,*, . . ..*.O,O) 
(0, . . . . O,l,a,*, . . . . *,l,l) 
(0, . . . . O,l,O,*, . ..) *,O,O) 
(*, ,*,*,*>*, ... ,*,O,l) 
(*, ,*,*,*,*, . . ..*.l,O) 
(0, . . . . O,O,l,a, . . . . b,O,O) 
(0, . ..) o,o,*,*, . . . . *,l,l) 
(0, . ..) O,l,*,*, . . . . *,l,l) 
(* ,.._, *,*,*,*, . . . . *,O,l) 
(*, . . ,*,*,*,*, . . ..*.l,O) 
(0, ,b,c,d,e, Ass) 
(0, . ..) o,o,*,*, . ..) *,O,l) 
(0, . ..) O,O,l,*, . . . . *,l,O) 
(0, . ..) O,l,O,*, . . . . *,O,O) 
(0, . . . . O,l,*,*, . ..) *,l,l) 
(a, . . ..b.c,*,*, . . ..*>&g) 
(a. ,b,c,d,*, . . ..*>g>g) 
(a, . . ..*.c,*,*, . . ..*.O,l) 
(*, . . . ,*,c,*,*, ,t, ,*,l,O) 
(a, . . . . b,c,d,*, . . . . *,g,g) 
y .,..., > b, C *, *, , *> 8,d 
(:: .., 
,*,c,*,*, . . . . *,O,l) 
,*,C,*,* ,..., *,l,O) 
3.2”-3 
(2”_2_2).2”_2 
p-2_2).2”_2 
2n-3 
3.2”-3 
3.2”-3 
2.y- 
y-3.7-3.2 
2”-3.2”-3.2 
(2”-3_l).2nm3.4 
3.2”-* 
(2”-z-2).2”-4.8 
3.2”-* 
2”-2 
7-2 
I”-2 
2n-2 
(2”-2_1).2”-3.2 
(2”-2__1).2”-3.2 
2.y2 
2.y2 
(2”-2_1).2”-3.2 
(2”-*_1).2”-3.2 
2.y3 
2”-3 
2”-3 
2.2”-3 
23-3 
2”-3 
(2”-2_2).2”-4.2 
(2”-2_2).2”-4.2 
2”-3 
2.2”_3 
(2”-*_2).2”-4.2 
(2”-2_2).2”-4.2 
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For calculations we shall use the method described earlier in the section, and we 
shall take from Tables 5a and 5b the vectors corresponding to the vertices a3 and 
u joined with the vertices ui, U* by all possible combinations of edges of fixed colours. 
For economy of place in the tables, we shall not repeat similar vectors for ul, u*, a3 
corresponding to the different vertices U. In each case every one of these vectors can be 
found in the first row signed by uj, jE{ 1,2,3}, which is above the row corresponding to 
the vertex u. For convenience, in the tables we have separated the groups of rows, 
which contain the vectors, corresponding to the vertex u3 and to the vertices from 
M joined with u3 in graph fi by the edges of colour 2 for i= 1 and by the edges of 
colour 2 or 3 for i=2. 
In column Ci of Table 6a, we have marked by + (resp. -) the fact of implementation 
(resp. nonimplementation) of condition Ci for the groups of coordinates. Since it is 
very difficult to present this information for the graph fj in compact form, we have 
not included it in Table 6b. 
The last column of every row, which corresponds to the vertex u, contains the total 
number N of vertices from M, joined with the vertices u1,u2,u3 by the edges of 
colours placed in this row. 
Naturally, we shall not describe all calculations, but we shall present some examples 
with the diverse cases and methods of solution of different systems (4.3). We shall 
consider only the graph fz, since all calculations for f,! are much simpler. 
Let us consider, for instance, a pair of vertices ui, u* of the graph fi: 
u’=(xi, . . . ,x~-*,x~-l,x~,Y:, ... ,Y:-2,Y:-l,Y:, 
: 
(0, . . . ) 0, 0, 0, 0, . . . ,O,O,O) if t=l, 
= (0, . . ,O,l,O,O, . . ,O,O,O) if t=2 
(4.4) 
joined by an edge of colour 3. For the vertex 
u3=(xf, .. . ,X,3- 3 3 3 2,X,-1,X, ,.Yl, ‘.. > YLYLYt3 
joined with u ’ and u2 by the edges of colours 2 and 3, respectively, let us count up the 
number of edges of colour 2 or 3, joining u3 with the vertices, which are joined with 
u ‘, u2 by the edges of colours 2 and/or 3, too. According to Table 5b, 
u3=(0, . . . ,0,0,&b, . . . ,c,l,d), (4.5) 
where (a, d) # (0,O). 
In accordance with calculations performed earlier (see Table 5b), there are no 
vertices joined with u ’ and u2 by the edges of colour 2. It is easy to prove that there are 
no vertices joined with ul, u ‘, u 3 (having the coordinates (4.4) or (4.5)), respectively, by 
the edges of colours 2,3 and 3 or 3,2 and 2 or 3,3 and 2. 
If a vertex 
u=(x1, .‘. ,xn-2,xn-l,xn,Yl, ... ,Y,-2,Y,~l,Y,), (4.6) 
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is joined with u ‘, u2 and u 3 by the edges of colours 2,3 and 2, respectively, then, using 
the notations introduced before, we can write system (4.3) in the following form: 
(x(n-1).Y(n-1))+(x,)2+(Y,)2+X,.Y,=1, 
(x 1, ... ,x”-2,x,-1)=(0, 1.. ,O,O), 
(x(n-1).Y(n-1))+Y,-l+(X,)2+(Y,)2+X,.Y”=0, 
(x 1, ... ,x,-Z,Ll)#(O, ... 30, I), 
(x(n-l)*(y(n- 1~+y3(It-l)))+(X,+u)2+(y,+d)2+(X”+a)~(y,+d)= 1, 
(x 1, . . . ,x,_2,x,-i)=(O, . ..) 0,O). 
After obvious transformations we have 
(x,)2+(YrJ2+x,*Yn= 1, 
(x 1, .*. , x,-2,.%1)=(0, ... ,O,O), 
Yn-1=4 
(X.+u)2+(y,+d)2+(X”+a)~(y,+d)=1. 
Thus, every vector 
(x 19 ... ~xn-2~%-1~&,y1, ... ,Y,-2,Y,-,,Y,)=(O, *** ,o,o, *,*, ... ,*,L*), 
where (x,, yn)#(O, 0), (a,d), corresponds to a vertex u joined with the fixed vertices 
u i, a’, u3 by the edges of colours 2,3 and 2, respectively. Since (a, b) #(O, 0), there are 
2 - 2”-’ such different vectors (vertices). 
If a vertex u, with the coordinates (4.6) is joined with ui, u2 and u3 by the edges of 
colours 3,2 and 3, respectively, then the system (4.3) becomes 
(x(n-1).Y(n-1))+(X,)2+(Yn)2+X,.Y,=0, 
(x 1, ... ,xn-2, x,-l)#(O, ... >O,O), 
(x(~-1)~Y(~-1))+Y"-,+(X,)2+(Y,)2+X,.Y,=1, 
(x 1, ... ,x,-2,x,-1)=(0, . . ..O.l), 
(x(n-1)~(y(n-1)+y~(n-l)))+(x,+u)~+(y”+d)~+(x”+u)~(y,+d)=O, 
(x 1, ... .xn-21xn-1)#(0, ... ,O,O). 
Simplifying, we have 
bI)2+(Yn)2+xn~Y”= 1, 
(x 1, ... 3 x,-2,4-1)=(0, ... ,O,l), 
Yn-1=A 
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From the last equation (x,,Y,)=(a, d); so, every vector (4.6) in the form 
(0, . . . ,O, l,a, *, . . . , *, 1,d) corresponds to some vertex U, joined with the fixed 
vertices u ‘, u 2, u3 by the edges of colours 3,2 and 3, respectively. The total number of 
such different vectors (vertices) is 2”-2. 
If the vertex u with coordinates (4.6) is joined with all vertices uj, j= 1,2,3, by the 
edges of colour 3, then system (4.3) has the following form: 
Simplifying, we have 
(x 1, ... 9x,-2)#(0, ". ,Q 
Yn-1=0, 
Obviously, we can choose the vector (xi, . . . , x,_~) #(O, . . . ,O) by 2”-2 - 1 and the 
pair (x,, y,,) by four different ways. Then x,_ 1 will be determined from the last 
equation, and the first one will be the following: 
0 
(x(n-2)*y(n-2))= 
if (x,,~~)=(O,o), 
1 otherwise. 
It is easy to see that for fixed nonzero vector x(n-2), this equation has 2”-j 
solutions with respect to the coordinates of the vectors y(n-2). Thus, the total 
number of different vectors (4.6) in the form (*, . . . , *, *, *, *, . . . , * ,O, *), which 
correspond to the different vertices joined with the fixed vertices uj, j= 1,2,3, by the 
edges of colour 3, is equal to (2’-’ - 1) - 4 - 2”-2. 
Sometimes it is more convenient to perform the special calculations for the vertices 
u 3, which correspond to the different vectors. For example, this is made (see Table 6b) 
for two different vertices u 3, joined with the vertices u ’ and u 2, by the edges of colours 
2 and 3, respectively, when the vertices u1 and u2 are joined by the edge of colour 4. 
The calculations become more complicated if we want to determine the number of 
vertices u joined in the graph f: with all vertices uj, j= 1,2,3, by the edges of colour 3, 
when u 3 itself is joined with u ’ and u2 by the edges of colour 3. Let us determine, for 
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example, the number of vertices u with coordinates (4.6) joined in f:,’ with the vertices 
u’=(xi, . . . ,XA- 2,x:- l,LY:, ... >YL2?Y:-lfYL, 
i 
(0, . . . . O,O,O,O, . . . . O,O,O) if t=l, 
= (0, . ,O,l,l,O, . . . . O,O,O) if t=2, (4.7) 
(a, . . . , b, c, d, e, . . . ,f;s,S) if t=3 
by the edges of colour 3. (Note that in this case u1 and u* are joined by an edge of 
colour 4.) System (4.3) will have the following form: 
(x(~-1)~Y(~-1))+(X,)*+(Y”)*+.%~Y,=0, 
(x 1, ... ,x,-2, Ll)#(O, ... ,O,O), 
(x(n-1)~y(n-1))+y,-,+(x,+1)*+(y,)*+(X~+1)~y~=0, 
(x 17 ... 2 X,-2,Ll)f(O, ... ,o, I), 
((x(n-1)+x3(~-l))~(y(n-1)+y~(n-1)))+(x,+d)*+(y,+g)* 
+(x,+d)*(Y,+g)=O, 
(x 1, ... 9 x,-~,x,-~)#(c . . . ,b,c). 
Simplifying, we have 
(x 1, ... 7 x.-2)#(Q ... ,O), 
Yn-l+Yn=L 
(x 1, ... 9 x,-2,x,-l)f(a, . . . ,b,c). (4.8) 
It is convenient to solve the obtained system separately for x,_ 1 = c and for 
x, _ 1 = C. In the first case there are (2”-* - 2) solutions of the second and fifth relations 
(since according to Table 5b (a, . . . , b) # (0, . . . ,O)) and two solutions of third relation 
from (4.8): (y,- 1, y,,) = (0, l), (l,O). Thus, for each of two values x, = 0, 1, we can rewrite 
system (4.8) for fixed x1, . . . ,~,,_~,y~_~,y~ as 
(x(n-2).y(+2))=z,, 
((x(n-2)+x3(n-2)).y(n-2))=z,, (4.9) 
where zjE (0, l}, j = 1,2. Since both vectors x(n - 2), x 3(n - 2) are not zero vectors and 
x(n - 2) #x 3 (n - 2), it is easy to prove that system (4.9) has 2”-4 solutions with respect 
to the coordinates of the vector y(n - 2) = ( y, , . . . , y,_ *), determining the combina- 
tions in accordance with the numbers zj, j= 1,2 with respect to ‘the colourings’ defined 
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by the vectors x(n-2) x~(Iz--2). Thus, if x,-i =c, for each pair (y,_i,y,)=(O, l),(l,O) 
there are (2n-2 - 2) - 2. 2”-4 solutions of (4.8). 
If x,_ 1 =I?, the fifth relation from (4.8) is true for all values of the coordinates 
(x1, ... ,xn-2), and once more it is convenient to investigate two cases: 
(x 1, ... 9 xn_2)=(a, . . . ,b) and (xi, . . . ,~,,_~)#(a, . . . ,b). In first case, according to 
Table 5b, the second relation from (4.8) will be true and the other relations can be 
rewritten in the form 
Yn-1 +y,= 1, 
(x,+d)2+(y,,+g)2+(x,+d).(yn+g)=1. (4.10) 
Two solutions (y,_ 1, y,,) = (g, g), (S, g) correspond to the second equation from (4.10). 
For the first of them, the last equation from (4.10) has an unique solution: x, = d; and 
for the second it is true for both values x, = 0,l. In both cases, if y, _ i , y,, x, are fixed, 
the first equation from (4.10) is (x(n-2).y(n-2))=z,, where zi~{O, l}, and one can 
prove that it has 2”-3 solutions with respect to the coordinates of vector 
y(n-2)=(y,, . . . ,ynm2). So, if (xi, . . . ,x,_~,x,_~)=(u, . . . ,b,Z), then for 
(y,_i,y,)=(g,g) there are 2”-3 and for (y, _ i , y,,) = (S, g) there are 2 - 2”- 3 different 
solutions of (4.8). 
Ifx,_,=cand(x,, . . . . ~,_~)#(a, . . . , b), we can apply the reasonings described for 
x, _ 1 = c to obtain system (4.9) and to affirm that for every pair (y,_ i , y,J = (0, l), (1,0) 
there are (2n-2 - 2) - 2 - 2”-4 solutions of (4.8). 
To define the number of vertices u joined with the vertices uj, j = 1,2,3, by the edges 
of colour 2 in Fi or by edges of colours 2 or 3 in f:, we can apply the analogous 
reasonings for all triplets of vertices (U ‘, u *, u3), where the vertex u3 is joined with u1 
and u* in f,.! by the edges of colour 2, and in F: by the edges of colours 2 or 3. The 
results of these calculations are presented in Tables 6a and 6b.Now for every graph fj, 
i = 1,2, and for every triplet (U ‘, u’, u 3, described earlier, after addition of the powers 
N of the corresponding sets of vertices U, one can verify the proposition. 0 
Proposition 4.4. ri is a graph with the 4-vertex condition. Its parameters are 
with upper signs for i= 1 and lower for i=2. 
Proof. When Propositions 4.2 and 4.3 are proved, it is easy to define the parameters 
(a, 8) from Proposition 2.3: 
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5. Final remarks 
A. V. Ivanov 
In this section we shall formulate two conjectures concerning the graphs ri and 
their subgraphs. The truth of these conjectures for r: and rz (first examples of 
non-rank-3 graphs from both series) is confirmed computationally (results for r,’ are 
described in [3,7]). 
Since Aut(ri) acts transitively on V(Ti), we can define correctly the graphs szj(rf), 
j= 1,2, induced, respectively, by all neighbours and all nonneighbours of a vertex 
XE V(TL). 
Conjecture 5.1. szj(rX) is a graph with the 4-vertex condition. 
Conjecture 5.2. rf is a graph with the 5-vertex condition. 
Apparently, using the method described in this article it is possible to prove Conjec- 
tures 5.1 (by investigating the orbits of vertices and the orbits of pairs of vertices of 
graphs s2j(Tb) using quadratic forms) and 5.2. But the necessary calculations are very 
cumbersome, since some graphs szj(r,‘) are intransitive on the vertices and also 
because of the absence of the necessary and sufficient conditions for the graph with the 
4-vertex condition to be a graph with the 5-vertex condition as well (see Section 2). 
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